We discover an example where the dissociation of the Z2 vortices occurs at the second-order phase transition point. We investigate the nature of phase transition in a classical Heisenberg model on a distorted triangular lattice with competing interactions. The order parameter space of the model is SO(3)×Z2. The dissociation of the Z2 vortices which comes from SO(3) and a second-order phase transition with Z2 symmetry breaking occur at the same temperature. We also find that the second-order phase transition belongs to the universality class of the two-dimensional Ising model. PACS numbers: 75.10.Hk, 64.60.De, 75.40.Mg Geometrically frustrated magnets (GFMs) have been studied exhaustively in a wide range of areas.
Geometrically frustrated magnets (GFMs) have been studied exhaustively in a wide range of areas. [1] [2] [3] [4] In GFMs, occurrence of novel phase transitions associated with unconventional order parameters, existence of exotic spin structure, emergence of functional response to external fields, and appearance of unconventional dynamical nature have been predicted theoretically and found experimentally. A number of examples in which a theoretical calculation gives close agreement with experimental results of GFMs have been reported. [5] [6] [7] [8] [9] Moreover, since recently there have been found new GFMs which exhibit a theoretically uninvestigated nature, 10, 11 theoretical studies of GFMs and investigations of resultant predictions have increased importance.
In two-dimensional (2D) frustrated models with continuous spins, vortices often appear depending on the symmetry of spin and play an important role in finitetemperature properties. Although the long-range order of spins is prohibited by the Mermin-Wagner theorem, 12 a topological phase transition driven by the dissociation of vortices can occur. For example, in the Heisenberg spin systems whose ground state (GS) is a non-collinear structure, Z 2 vortices appear due to the order parameter space SO (3) . The dissociation of the Z 2 vortices occurs at finite temperature, which is called a Z 2 vortex transition. 13, 14 On the contrary, the order parameter space of the Heisenberg spin systems where the ground state is collinear, such as ferromagnetic state, is S 2 . In this case, since there is no topological point defect, no topological phase transition takes place. In contrast, the Kosterlitz-Thouless transition driven by the dissociation of the Z vortices can occur in the XY models where the order parameter space is U(1).
Next let us consider continuous spin systems with competing interactions. The order parameter space is the direct product between global rotational symmetry of spin and discrete lattice rotational symmetry. Phase transitions occur corresponding to the order parameter space. [15] [16] [17] [18] [19] [20] [21] [22] [23] If the topological point defect exists, both dissociation of vortices and discrete symmetry breaking occur. If this is the case, two types of behavior can be considered. In one, phase transitions occur successively. 16 In the other, phase transitions occur simultaneously. Very recently, some examples of the latter case have been found, in which, the dissociation of vortices occurs at the first-order phase transition point. 20, 21 The origin of the first-order phase transition is breaking of the discrete lattice rotational symmetry. For example, in Heisenberg spin systems where the order parameter space is SO(3)×C 3 , Z 2 vortices dissociate at the first-order phase transition point. 20, 21 In addition, in an XY spin system whose order parameter space is U(1)×Z 6 , the dissociation of Z vortices occurs at the first-order phase transition point. 21 As described above, a quest for peculiar phase transitions relating to the vortex dissociation has been done for a long time in frustrated spin systems. However, a second-order phase transition accompanying the dissociation of vortices has never been discovered.
In this paper, we discover an example where the Z 2 vortices dissociate at the second-order phase transition point. We consider a model where the order parameter space is SO(3)×Z 2 . The model under consideration is the Heisenberg model with nearest-neighbor and third nearest-neighbor interactions (J 1 -J 3 model) on a distorted triangular lattice. We find that the model exhibits a second-order phase transition with the Z 2 symmetry breaking and the dissociation of the Z 2 vortices at the same temperature. We also confirm that the secondorder phase transition belongs to the universality class of the 2D Ising model.
We consider the following Hamiltonian:
where the first term represents nearest-neighbor interactions along axis 1, the second term denotes nearest-neighbor interactions along axes 2 and 3, and the summation in the third term takes over the third nearestneighbor spin pairs [see Fig. 1(a) ]. The variable s i is the three-dimensional vector spin of unit length, and λ is a uniaxial distortion parameter. Let the number of spins be N (= L × L), where L is the linear dimension. We hereafter refer to this model as the distorted J 1 -J 3 model. The model for λ = 1 is equivalent to the model studied in Ref. 21 . In this case, a first-order phase transition with breaking of the C 3 symmetry occurs when the C 3 symmetry is broken in the GS (i.e. −4 < J 1 /J 3 < 0). Since in the GS for the other region of J 1 /J 3 for λ = 1, no discrete symmetry is broken, we focus on the parameter region in this paper.
In general, the GS of the classical Heisenberg model can be represented by the wave vector k * at which the Fourier transform of interactions J(k) is minimized. Hereafter, the lattice constant is set to unity. In the distorted
Notice that the spiral-spin structure represented by k and that by −k are the same structure in the Heisenberg model. Figure 1 (b) summarizes positions of k * in the first Brillouin zone depending on λ. When 0 < λ < 1, there are two wave vectors k * = ±(k * x = 0, k * y = 0). In this case, no discrete symmetry is broken in the GS. For only λ = 1, there are six wave vectors k * and the C 3 symmetry is broken in the GS. 21 If we increase λ from unity, there are four wave vectors k * . Then, the Z 2 symmetry is broken in the GS. Moreover, for large λ (> λ 0 obtained by Eq. (2)), the wave vector k * is given by k * = ±(k * x = 0, k * y = 0) and no discrete symmetry is broken in the GS. In this way, the broken symmetry in the GS can be changed by tuning λ. In the following, we focus on the parameter region 1 < λ < λ 0 , where the order parameter space is SO(3)×Z 2 . The nature of the phase transition in systems with SO(3)×Z 2 has not yet been investigated.
In order to obtain the equilibrium values of physical quantities with high accuracy, we perform the Monte Carlo simulation using the single-spin-flip heat-bath method and the over-relaxation method.
24,25 First, we study the nature of the phase transition in the distorted J 1 -J 3 model with the periodic boundary condition. To avoid extra stress caused by the boundary effect, we use the parameter set such that the GS can be represented by the commensurate wave vector. We consider the case where the wave vectors k * which minimize J(k) are k * = ±(5π/18, 16π/18 √ 3) and ±(5π/18, −16π/18 √ 3). In the GS spin configuration, the angle between nearestneighbor spins along axis 1 is 50 deg and that along one of the axes 2 and 3 is 55 deg and the other is 105 deg, as shown in Fig. 1(a) . We obtain J 1 /J 3 = −0.4926 · · · and λ = 1.308 · · · using Eq. (2). temperature T dependence of the structure factor at k * = (5π/18, 16π/18 √ 3) for L = 144 when the GS spin configuration is represented as the left panel of Fig. 1(a) . The structure factor is defined as
where the summation takes over all of the spin pairs and r i represents the position vector of the i-th site. Throughout the paper, O denotes the equilibrium value of the physical quantity O and the Boltzmann constant is set to unity. As temperature decreases, S(k * ) monotonically increases. The structure factor in the first Brillouin zone at several temperatures is also shown in Fig. 1(c) , which suggests that the Z 2 symmetry is broken at low temperature.
26
We calculate the temperature dependence of specific heat for L = 144 − 288. The specific heat is calculated as
where E is the internal energy per site. Figure 2(a) shows the specific heat as a function of temperature and indi-cates the existence of a phase transition at finite temperature. To confirm the occurrence of a spontaneous Z 2 symmetry breaking, we define an order parameter m by using a local quantity κ (t) at each upward elementary triangle t depicted by the shaded triangles in Fig. 1(a) :
where the definition of the subscript of spins is shown in Fig. 2(b) and the summation takes over all upward elementary triangles. Since m represents the difference between the relative angle of nearest-neighbor spins along axis 2 and that along axis 3, it appropriately describes the Z 2 symmetry breaking in our model. In antiferromagnetic Heisenberg models on a triangular lattice, the dissociation of the Z 2 vortices occurs at finite temperature. 13, 27 In order to confirm the dissociation of the Z 2 vortices in our model, we calculate the number density of the Z 2 vortices n v by using the same manner as in Ref. 13 . A plot of ln n v versus J 3 /T in our model is shown in Fig. 2(d) , and it is confirmed that n v obeys well the Arrhenius law below T c . This result indicates that the dissociation of the Z 2 vortices occurs at the second-order phase transition point.
To clarify the universality class of the phase transition, we perform the finite-size scaling using the following relations:
where the susceptibility χ is defined as χ := N J 3 m 2 /T and f (·) and g(·) are scaling functions. The finite-size scaling results using ν = 1 and η = 1/4 which are the critical exponents of the 2D Ising model and the obtained T c are shown in Figs. 2(e) and 2(f). Since all the data collapse onto scaling functions, it is confirmed that the second-order phase transition in our model belongs to the universality class of the Ising model. Next, to obtain the relationship between λ and T c , we consider the case of J 1 /J 3 = −0.7342 · · · which was used in Ref. 21 by changing the value of λ. For λ = 1, the model exhibits a first-order phase transition with breaking of the C 3 symmetry at T c /J 3 = 0.4746 (1) . 21 Here we study the nature of the phase transition of the distorted J 1 -J 3 model with the open boundary condition. From the analysis of the GS as explained before, a phase transition with breaking of the Z 2 symmetry is expected to take place for 1 < λ < λ 0 (= 2.8155 · · ·) in this case. By analyzing the Binder ratio, we obtain λ dependence of transition temperatures as depicted in Fig. 3(a) . An enlarged view near λ = 1 is shown in the inset of Fig. 3(a) . This figure indicates that the transition temperature near λ = 1 smoothly connects to the transition temperature for λ = 1 and the transition temperature goes continuously to zero when λ → λ 0 . Figures 3(b) and 3(c) represent the finite-size scaling of the Binder ratio and that of the susceptibility for λ = 1.5 using ν = 1, η = 1/4, and T c /J 3 = 0.5521(1) as well as the previous case. In this case, all the data collapse onto scaling functions. Thus, we conclude that a second-order phase transition with breaking of the Z 2 symmetry occurs and it belongs to the 2D Ising model universality class within calculated λ. However, at very close to λ = 1, the possibility that first-order phase transition occurs with breaking of the Z 2 symmetry cannot be denied. Unexpected phase transition from only underlying symmetry can occur in some cases. 16, 23, 28 If a first-order phase transition with breaking of the Z 2 symmetry occurs, a tricritical point should exist and to study its properties such as universality class will be an important topic. From our observation, it is difficult to obtain the nature of the phase transition near λ = 1 since the size dependence of physical quantities are significant and we should calculate very large systems with high accuracy.
In this paper, we discovered an example where the second-order phase transition occurs accompanying the Z 2 vortex dissociation at finite temperature. The model under consideration is the classical Heisenberg model on a triangular lattice with three types of interactions: (i) the uniaxially distorted nearest-neighbor ferromagnetic interaction along axis 1 (λJ 1 ), (ii) the nearest-neighbor ferromagnetic interaction along axes 2 and 3 (J 1 ), and (iii) the third nearest-neighbor antiferromagnetic interaction (J 3 ). In this model for 1 < λ < λ 0 , the order parameter space is SO(3)×Z 2 . We found the secondorder phase transition with spontaneous breaking of the Z 2 symmetry in the region. The dissociation of the Z 2 vortices also occurs at the same temperature. The dissociation of vortices at the first-order phase transition point has been found in some cases. 20, 21 Then, the relation between the dissociation of vortices and phase transition due to discrete symmetry cannot be complete without our study. Furthermore, we confirmed that the universality class of the second-order phase transition with the Z 2 symmetry breaking is the same as that of the 2D Ising model, despite that the Z 2 vortex dissociation occurs at the critical point. This indicates that the Z 2 vortex dissociation never affects the critical phenomena in our model. Let us next mention the relations to experiments. In this paper, we have shown that our model exhibits both a first-order phase transition and a second-order phase transition by tuning the uniaxial distortion parameter λ. The uniaxial distortion parameter λ can be experimentally changed by pressure or/and chemical substitution. In some triangular antiferromagnets, uniaxial lattice distortion occurs at a temperature which is significantly higher than that of magnetic ordering.
29 Similar materials which exhibit the obtained results will be synthesized. Furthermore, it is interesting to consider the nature of the phase transition of stacked triangular lattice systems with competing interactions. If the order parameter space is SO(3)×Z 2 , a long-range order of spins should occur in addition to a phase transition relating to the Z 2 symmetry breaking. It is possible that a novel universality class appears in the model. Moreover, by applying a magnetic field, a rich phase diagram and novel spin structures in excited states are expected, as well as Ref. 22 .
Finally, we emphasize that the obtained results are not restricted to our model and typically occur in the systems having the order parameter space SO(3)×Z 2 . The order parameter space SO(3)×Z 2 appears in the magnetic systems having following conditions: (i) the spin is Heisenberg type, (ii) the ground state is a spiral spin structure due to competing interactions, and (iii) there is a reflection symmetry of lattice. Since all of these are mild conditions, the obtained nature should occur in many frustrated magnetic systems. In addition, not only in magnetic systems, the obtained nature can also occur in systems having both continuous degrees of freedom belonging to SO(3) symmetry and discrete degrees of freedom described by Z 2 symmetry. For example, the obtained nature might be observed in the systems where the underlying symmetry can be easily changed, such as liquid crystal and spinor BEC. 30, 31 Therefore, the vortex dissociation at a critical point should be ubiquitously observed in 2D systems with two or more degrees of freedom when the order parameter space is SO(3)×Z 2 .
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